Abstract. We demonstrate a one to one correspondence between the irreducible projective representations of an affine Kac-Moody group and those of the related loop group, which leads to the results that every non-trivial representation of an affine Kac-Moody group must have its degree greater than or equal to the rank of the group and that the equivalence appears if and only if the group is of type A (1) n for some n ≥ 1. Moreover the characteristics of the base fields for the non-trivial representations are found being always zero.
Introduction and main theorem
Letg be a non-twisted affine Kac-Moody algebra over a field F of characteristic zero and let Φ be its real root system with respect to a fixed Cartan subalgebra. Denote byg a the root subspace ofg related to a root a ∈ Φ. Let G * be the free product of the additive groupsg a for all a ∈ Φ and ι :g a → G * the canonical embedding. Setg = [g,g] . For any integrableg -module V , or (V, ψ) with ψ :g → End F (V ), let ψ * : G * → GL(V ) be the homomorphism defined by ψ * (ι(e)) = exp ψ(e), a ∈ Φ, e ∈g a , where exp is the canonical exponential map. Suppose N is the intersection of all ker ψ * . The quotient group of G * modulo N , denoted byG(F ), is called an affine (non-twisted) Kac-Moody group and the real root system Φ is also called a root system ofG(F ). This approach of definingG(F ) is due to Kac and Peterson (see [8] and [10] ). A review of other approaches can be found in Tits' survey paper [13] . The main aim of this paper is to show that the minimal representation degree of an affine Kac-Moody group over a field of characteristic zero depends only on the number of the fundamental roots of the group. This number is called the rank of the group and is denoted by, if the group isG(F ), rankG. In the following, for a representation we always mean a linear or projective representation of finite degree over a field, unless otherwise indicated. Our main result is as follows. Kac- 
Theorem. LetG(F ) be an affine
n (see [7] for the notation) for n ≥ 1.
It is known that affine Kac-Moody groups are very closely related with loop groups and this close relation extends to their representations, as exposed for instance in [11] for the case when F is the real number field or the complex number field. For an arbitrary field F of characteristic zero, we establish an explicit one-toone correspondence between the irreducible projective representations of an affine Kac-Moody group and the irreducible projective representations of the related loop group, which enable us to deduce our result from exploring the representations of the related loop groups. Apart from their applications to affine Kac-Moody groups, the properties of these loop groups certainly have their own interests. In fact, the representations of these loop groups are found always having degrees strictly greater than their ranks (see Proposition 3.4) . Moreover, such a loop group, whenever simply connected, has a nontrivial representation whose degree is equal to its rank plus one if and only if it is isomorphic to the special linear group SL n (F [t, t −1 ]), where
is the Laurent polynomial ring over F and n > 1 (see Theorem 3.5).
Projective representations of Kac-Moody groups and related loop groups
Throughout this paper, we fix a field F of characteristic zero and the affine Kac-Moody algebrag is always over F . The additive group and the multiplicative group of F are denoted by F + and F * respectively. LetÃ be the generalized Cartan matrix associated tog, that isÃ = (A ij ), where A ij ∈ Z for i, j ∈ {0, 1, . . . , } such that
For convenience we assume thatÃ is indecomposible. Suppose ∆ = {a 0 , a 1 , . . . , a } is a fundamental root system of Φ. We denote by W the Weyl group of Φ, which is generated by the fundamental reflections {s 0 , s 1 , . . . , s } satisfying
A pair of real roots a, b ∈ Φ is called prenilpotent if there exist elements r, r ∈ W such that
Let ad :g → End F (g) be the adjoint representation ofg. For each a ∈ Φ, it is possible to choose a base vectorẽ a in the root subspaceg a such that (see [6] , §6)
We define the number n i,a by
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Let γ : G * →G(F ) be the natural homomorphism. For each a ∈ Φ, we denote by λ a : F + →g a the homomorphism satisfying λ a (q) = qẽ a for all q ∈ F + and writeũ a for the composite ι a γλ a . We define, for each q ∈ F * and 0 ≤ i ≤ ,
Proposition 2.1. The Kac-Moody groupG(F ) is generated by the elements u a (q) for all a ∈ Φ and q ∈ F subject to the following relations:
where C ijab is an integer determined uniquely by i, j, a, b and the order in which the terms on the right are taken.
Proof. It is obvious that {ũ a (q) | q ∈ F, a ∈ Φ} is a set of generators ofG(F ) by the definition. The above relations come from the relations given by Tits in [14] (see also [2] ).
Sinceg is of non-twisted type, we may assume thatÃ = (A ij ) (i, j ∈ {0, 1, . . . , }) is the extended matrix of a Cartan matrix A = (A ij ) (i, j ∈ {1, 2, . . . , }). Suppose g C is a simple complex Lie algebra whose Cartan matrix is A. Then the subset ∆ 0 = {a 1 , a 2 , . . . , a } ⊂ ∆ is a fundamental root system of g C while
is a root system of g C . In particular, the Weyl group W 0 of Φ 0 is generated by the reflections {s 1 , s 2 , . . . , s } ⊂ W . Let d be the highest root of Φ 0 and let δ = a 0 + d. Then we have [7] , Ch.6). Suppose g is a Z-form of g C with Chevalley generators {e a | a ∈ Φ 0 }. Then there is a central extension (cf. [7] )
Moreover, let c be the centre ofg , then θ induces canonically an isomorphism
Let Ad :G(F ) → Aut F (g) be the adjoint representation ofG(F ). SinceG(F ) acts trivially on c, Ad induces a homomorphism fromG(F ) to Aut F (g/c) through the natural homomorphismg →g/c, which is denoted also by Ad without confusion. 
where Ad 0 is the adjoint representation of
Proof. Note that for each a ∈ Φ 0 , there is a canonical homomorphismū a from the additive group
where ad 0 is the adjoint representation of g ⊗ Z F [t, t −1 ] (cf. [5] and [9] , §2). Sincẽ G(F ) is generated by the elementsũ a (q) for all a ∈ Φ 0 and q ∈ F , we define the map α by
By using Proposition 2. 
For each root a ∈ Φ 0 , let a ∨ be the coroot of a. Denote by Φ ∨ 0 the set of coroots and by , :
and
where n i,a = ±1 is the same number as in Proposition 2.1 (vi) and, moreover,
where C ijab and the order in which the terms on the right are taken are the same as in (2.1) . Moreover, for m, n ∈ Z,
Proof. Suppose the coroot d ∨ of the highest root d has an expression
where m i ∈ N for 1 ≤ i ≤ . Then we have
from which follows (i) and (ii).
Let
be the expression of d in terms of the fundamental roots. SinceÃ = (A ij ) (i, j ∈ {0, 1, . . . , }) is the extended Cartan matrix of (A ij ) (i, j ∈ {1, 2, . . . , }), we have for all 0
Hence the expressions (2.7) and (2.
while (2.8) and (2.9) yield
. Moreover, we have by (2.8) and (2.10)
Thus (iii) is proved.
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For showing (iv), it is sufficient to show the following two identities:
In fact, it follows from (iii) that
which implies the identity (2.12) immediately. For 0 ≤ i ≤ , we have by (2.8)
from which follows (2.13).
Now we come to show (v). For each element g ∈ G(F [t, t −1 ]), we denote byḡ the image of g under the natural homomorphism G(F
. Given a root a ∈ Φ 0 , we havē
where n i,a is an integer determined by i and a. On the other hand, we have by Proposition 2.1 (vi) and Lemma 2.2 that for all q ∈ F and 1 ≤ i ≤
Comparing this identity with (2.14), we obtain that n i,a = n i,a for all a ∈ Φ 0 and 1 ≤ i ≤ . Moreover, we have for
from which follows the identity (2.4) for 1 ≤ i ≤ . Note that for a ∈ Φ 0 , we have
Thus we obtain from Proposition 2.1 (vi) and Lemma 2.2 that
(2.15)
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where n ∈ {±1} is determined by the roots a and d (cf. [9] ). Comparing this identity with (2.15), we obtain that for all m ∈ Z n 0,a+mδ = n .
This implies (2.3) and (2.4) immediately.
Finally we come to show (vi). Suppose a, b ∈ Φ 0 is a prenilpotent pair and
Applying the homomorphism α on both sides, we obtain
On the other hand, it follows from the commutator formula of Chevalley groups that for arbitrary x, y ∈ F [t,
where the index i and j are taken in the same order as in (2.16). Comparing the above two identities, we obtain that for all m, n ∈ Z C ij,a+mδ,b+nδ = C ijab , which gives rise to the identities (2.5) and (2.6) immediately.
Proposition 2.4. There exists a surjective homomorphism β :G(F ) → G(F [t, t −1 ]) whose kernel is contained in the centre ofG(F ).
Proof. Following Proposition 2.1 and Lemma 2.3, we can define a homomorphism
and a ∈ Φ 0 (see [12] , p. 115). Hence β is surjective. Moreover, let Ad be the adjoint representation of G(F [t, t −1 ]), then one can easily check that the following diagram is commutative.
G(F )
Hence we have
which implies that ker β lies in the centre ofG(F ).
Remark. Peterson and Kac have mentioned (see [10] ) thatG(F ) should be a central extension of G(F [t, t −1 ]) but no proof is given.
Proposition 2.5. There exists a one-to-one correspondence between the irreducible projective representations over algebraically closed fields ofG(F ) and those of
Proof. Suppose ρ :G(F ) → P GL(V ) is an irreducible projective representation of G(F ), where V is a finite dimensional vector space over an algebraically closed field. Then it follows from Proposition 2.4 and Shur's lemma that ρ(ker β) is contained in the centre of P GL(V ), which is trivial. Hence there exists a unique homomorphism
Moreover, ρ is irreducible because every G(F [t, t −1 ])-submodule of V is also ã G(F )-submodule and therefore it must be either trivial or equal to V itself. Thus we have a map between the irreducible projective representations ofG(F ) and those of G(F [t, t −1 ]) sending a representation ρ to ρ . On the other hand, given an irreducible representation γ :
where W is a finite dimensional vector space over an algebraically closed field, we claim that the composite σ = γβ is also irreducible. In fact, if W 1 is a subspace of W and is invariant under the action ofG(F ) via σ, then it follows from the above argument that there exists a unique representation σ :
Since β is surjective, we obtain
which means that W 1 is also invariant under the action of γ(G(F [t, t −1 ])). Hence W 1 is either trivial or equal to V . This implies that σ is irreducible. Thus the correspondence between the irreducible projective representations ofG(F ) and those of G(F [t, t −1 ]) is one-to-one as required.
Minimal representation degrees
In this section, the notation is the same as that in the previous sections. Recall that the rank of an almost simple algebraic group H, which is denoted by rank H, is the number of its fundamental roots. Proof. This can be routinely checked for each individual type of almost simple algebraic groups (cf. [4] 
is the canonical homomorphism induced by ϕ (see [1] for the notations). Hence (i) results from the fact that ϕ is non-trivial. The properties (ii) and (iii) come directly from [3, §2.5].
Proof. For each a ∈ Φ 0 and q ∈ F * , let
which lies in H. Then Lemma 2.3 yields
Moreover, taking q ∈ F * − {±1}, we have
) is generated by the elements u a (x) for all a ∈ Φ 0 and x ∈ F [t,
Proposition 3.4. Let ρ be a non-trivial representation of G(F
(ii) the base field of ρ must be of characteristic zero.
Proof. Taking into account the natural homomorphism from a general linear group to its projective group, we may assume that ρ :
is a nontrivial projective representation over an infinite field K without loss of generality. Then (i) follows from [3, Proposition 3.9] and Lemma 3.1. Now Lemma 3.3 implies that the restriction of ρ to G(F ) is non-trivial, hence there exists a non-trivial homomorphism of fields from F to K by [1, Theorem 10.3] . This gives rise to (ii). Proof. If G is of type SL n for some n ≥ 1, then the natural embedding G(F [t, t −1 ]) → GL n (F (t)) is a representation of degree rank G + 1, where F (t) is the fractional field of F [t, t −1 ]. Vice versa, suppose G(F [t, t −1 ]) has a representation ρ whose degree is rank G + 1. Without loss of generality we may assume that ρ : G(F [t, t −1 ]) → P GL n (K) is a nontrivial projective representation over an algebraically closed field K. We first show that the Zariski closure ρ(G(F )) of ρ(G(F )) in P GL n (K) is connected. Let ρ(G(F ))
• be the connected component of ρ(G(F )) which contains the identity element of P GL n (K) and let η be the natural homomorphism from ρ(G(F )) to its quotient group ρ(G(F ))/ρ(G(F ))
• . Then
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Thus (i) is proved. (ii) comes from (3.2) and Proposition 3.4 (ii). Finally, (iii) results from Theorem 3.5 and the fact thatg is of the non-twisted type A (1) n if and only if g C is of type A n (see [7] ), or equivalently the Chevalley-Demazure group scheme G is of the type SL n+1 . This completes our proof.
